ABSTRACT. We give the details of the proof of equality (29) in [3] 
In this addendum we would like to make clear how the above result can be applied to get H * (Ẽ [1] , constructing a smooth vector field, which is a pseudo-gradient in U \B (0, r ), where U is a neighbourhood of 0 in H 1 0 ([0, 1],U ) andB (0, r ) is the closure of a ball, and whose flow satisfies the retractible property.
The proof we give in the next section (without Lemma 2.3, which becomes superfluous) also holds for any smooth Lagrangian on [0, 1] × T M, where M is a finite dimensional manifold, which is fiberwise strongly convex and has at most quadratic growth in each fibre. We can also consider, with minor modifications, more general boundary conditions as the curves joining two given submanifolds in M. The Lagrangian action functional will be then defined on the Hilbert manifold of the H 1 curves between the two submanifolds. As we have already mentioned above, such functional is in general not C 2 . Assuming that at least one of the submanifolds is compact and that all the critical points are non-degenerate, we can obtain, as in [3, Theorem 9] , the Morse relations for the solutions of the corresponding Lagrangian system. In this case, the number of the conjugate instants along a geodesic, counted with their multiplicity, is replaced by the number of the "focal instants" with respect to one of the two submanifold (counted with multiplicities) along a solution plus the index of a bilinear symmetric form related to the other submanifold, [7] . We recall that a Morse complex for the action functional of such kind of Lagrangian, whose homology is isomorphic to the singular homology of the path space between the two submanifolds, has been obtained in [1] .
PROOF OF THE ISOMORPHISM BETWEEN THE CRITICAL GROUPS IN H
1 AND C
1
We recall that the LagrangianG :
where F is a Finsler metric on the n-dimensional smooth manifold M and ϕ : [0, 1]×U → M is defined as ϕ(t , q) = exp γ 0 (t ) P t (q); here, exp is the exponential map with respect to any auxiliary Riemannian metric h on M, γ 0 is the geodesic of (M, F ) in which we want to compute the critical groups,
, where {E i } i∈{1,...,n} are n-orthonormal smooth vector fields along γ 0 and U is the Euclidean ball of radius ρ/2, where ρ is the minimum of the injectivity radii (with respect to the metric h) at the points γ(t ), t ∈ [0, 1].
The set Z whereG is not twice differentiable is defined by the equation dϕ(t , q) [1, y] = 0 and then it corresponds to the subset of [0, 1]×U ×R n where the LagrangianG(t , q, y) =
and, as ∂ q ϕ(t , q) is one-to-one , y ∈ R n is the only vector such that
We recall also that the map ϕ defines a smooth injective map ϕ * :
and Ω p 0 .q 0 is the Hilbert manifold of the H 1 curves on M between p 0 and q 0 . Observe that the curve of constant value 0 is mapped by ϕ * to the geodesic γ 0 (hence 0 is a critical point ofẼ ).
From the fact that F 2 is fiberwise positively homogeneous of degree 2 and ϕ is a smooth map, it follows that there exists a constant c 1 , depending only on U , such that 
SinceẼ satisfies the Palais-Smale condition (see [2] ), we also have that A L satisfies the Palais-Smale condition in B.
Moreover, from (1) it follows thatẼ is twice Gateaux differentiable at anyG-regular curve x ∈ H 1 0 ([0, 1],U ) and then the same property is satisfied by A L . Observe that, as the endpoints of the geodesic γ 0 are not conjugate, then we can assume that B is an isolating neighbourhood of the critical point 0. Moreover, the nonconjugacy assumption implies also that 0 is a non-degenerate critical point ofẼ, that is, the kernel of the operator A, which represents the second Gateaux differential at 0 of bothẼ and A L , with respect to the scalar product 〈·, ·〉 in H 
for each x ∈ U ′ .
Here · 0 is the H 1 0 norm. In our setting, the Lagrangian L is not twice differentiable on Z ⊂ T M and this leads to some differences between the proof of [1, Lemma 4.1] and ours , which we outline in lemmata 2.3, 2.6 and 2.7. 
Lemma 2.3. Let x be a smooth curve (non necessarilyG-regular ) in H
is the affinely parametrized geodesic σt of the Riemannian metric h defined by σt (s) = ϕ(t, sx(t )) = exp γ(t ) (sx(t)) (for t = 0 andt = 1 the geodesics are constant) while, for eachs ∈ [0, 1], t → f (s, t ) is the curve γs corresponding tosx by the map ϕ * (fors = 0 ands = 1, we get respectively γ 0 , the geodesic of (M, F ), and the curve γ 1 = ϕ * (x)). Thus f = f (s, t ) defines a geodesic congruence and, then, s → J t (s) = ∂ t f (s, t ) =γ s (t ) defines a Jacobi field along σ t for each t ∈ (0, 1) where x(t ) = 0. Observe that at the instantst where x(t ) = 0 (if they exist), σt is constant and equal to γ 0 (t ). Since there is only one y ∈ R n such that (t , 0, y) ∈ Z and such y cannot be equal to 0 (otherwise 0 = dϕ(t , 0)[ 
Proof. Eqs. (1)-(2) imply thatG(t , q, y) satisfies assumptions (L1
In fact, 
for each smoothG-regular curve x ∈ U ′′ . From Remark 2.4 and the continuity of dẼ and A with respect to the H 1 topology, inequality (5) can be extended to any smooth curve in U ′′ and then, since smooth curves are dense in H 
We point out that we cannot state that Y is a pseudo-gradient vector field because we are not able to prove that
for some constant µ 2 > µ 0 and all x in some neighbourhood of 0. 1 Anyway (3) implies that Y satisfies the inequality
for each x ∈ H 1 0 ([0, 1], R n ), where µ = min{µ 0 , 1}. As we will show in Lemma 2.8, inequality (7) (together with the remark in footnote 1) is enough to get a deformation result as in [11, Lemma 8.3] 
Observe that this problem is well-defined because Y is a locally Lipschitz vector field in 
for x ∈ U , whereas ψ(x, t ) ∈ U . The following lemma is an adaptation of Lemma 8.1 in [11] to the flow of the vector field Y .
Lemma 2.8. Let V be a closed neighbourhood of 0 contained in U . Then there exist ε > 0 and an open neighbourhood O
Proof. Observe that, since Y |V = −A, ψ(x, ·) is defined for all times until it lies in V . Let B(0, ρ) be the ball of radius ρ centred at 0 such thatB (0, ρ) ⊂ V and let
Since C ⊂ B, it is free of critical points and then
because A L satisfies the Palais-Smale condition on C . Moreover
for each x ∈ C . Let ν :=
In the first inequality above, we have used the fact that A L is decreasing in the flow of (8) and inequality (7); in the second one, the fact that
and (10); in the third one, inequality (11) ; in the last one, the following chain of inequalities:
Thus the conclusion follows with ε = µδρ 4ν .
Let V be the subset of 
is contained in V ⊂ U and it is free of critical points.
Lemma 2.9. For every
Proof. If A L (ψ(x, t )) > c, for all t ∈ [0, ω + (x)), then from Lemma 2.8, ω + (x) = +∞ and ψ(x, t ) ∈ V , for each t ∈ [0, +∞). From inequality (12) ,
2 0 = 0 and the Palais-Smale condition implies the existence of a sequence {t n } converging to +∞ such that ψ(x, t n ) → 0. Hence the conclusion follows from Lemma 2.8.
By Lemmata 2.8 and 2.9, as in [11, Lemma 8 
and if A is a strong deformation retract of B, then H * (C , A) ∼ = H * (C , B) (for the last property, see for example [13, Property H 6 -β]), we obtain
Let O = ϕ * (O ′ ) and γ 0 = ϕ * (0), then
last equivalence, by the excision property of the singular relative homology groups. By Palais' theorem above we get
The above equivalence, together with (13) and (14), implies that
. It remains to prove that these last relative homology groups are isomorphic to the critical groups in X = C 1 0 ([0, 1],U ). To this end, let us consider the Cauchy problem (8) ,
U , it holds (9) and the orbit ψ(x, ·), defined by x, is also in
. As a consequence, the strong deformation retracts that we have considered above are well defined in
and by the continuity of the flow (9) with respect to the C 1 topology, we immediately deduce that they are also continuous at each point different from (0, 1). Clearly, the continuity at the point (0, 1) with respect to the product topology of C Thus ψ(x, t ) → 0 also with respect to the C 1 topology, giving the continuity of the map η at the point (0, 1) also with respect to the product of such a topology and the Euclidean one on the interval [0, 1].
In conclusion we have that the following groups are isomorphic 
